Abstract. In this paper, we study inextensible flows of focal curves associated with tube-like surfaces in Galilean 3-space G3. We give some characterizations for curvature and torsion of focal curves associated with tube-like surfaces in Galilean 3-space G3. Furthermore, we show that if flow of this tube-like surface is inextensible then this surface is not developable as well as not minimal. Finally an example of tube-like surface is used to demonstrate our theoretical results and graphed.
Introduction
Curve design using splines is one of the most fundamental topics in CAGD. Inextensible flows of curves possess a beautiful shape preserving connection to their control polygon. They allow us the formulation of algorithms for processing, especially subdivision algorithms. Moreover, at least the curves of odd degree and maximal smoothness also arise as solutions of variational problems.
In the past two decades, for the need to explain certain physical phenomena and to solve practical problems, geometers and geometric analysis have begun to deal with curves and surfaces which are subject to various forces and which flow or evolve with time in response to those forces so that the metrics are changing. Now, various geometric flows have become one of the central topics in geometric analysis. Many authors have studied geometric flow problems. In [9, 10] Kwon et al. studied inextensible flows of curves and developable surface in R 3 . Korpinar et al. [8] studied inextensible flows of developable surfaces associated focal curve of helices in Euclidean 3-space E 3 . Differential geometry of the Galilean space G 3 has been largely developed in Kamenarovic [6] , Ogrenmiş et al. [13, 14] and Roschel [17] .
In this work, we study inextensible flows of focal curves associated with tubelike surfaces in Galilean 3-space G 3 . We give some characterizations for curvature and torsion of focal curves associated with tube-like surfaces in Galilean 3-space G 3 . Finally, we show that if the flow of a tube-like surface associated to a focal curve is inextensible, then the surface is not developable as well as not minimal for an arbitrary focal curve. We used some idea from Korpinar et al. [8] in this paper.
Preliminaries
The geometry of the Galilean space G 3 has been treated in detail in O. Roschl's habilitation in 1984 [17] . More about Galilean space and Pseudo-Galilean space may be found in [20, 1, 3, 7, 11, 12, 21] . The Galilean space G 3 is a Cayley-Klein space equipped with the projective metric of signature (0, 0, +, +), as in [21] .
The Galilean space is a three dimensional complex projective space P 3 in which the absolute figure {ω, f, I 1 , I 2 } consists of a real plane ω (the absolute plane), a real line f ⊂ ω (the absolute line) and two complex conjugate points I 1 , I 2 ∈ f (the absolute points) [6] . We shall take, as a real model of the space G 3 , a real projective space P 3 with the absolute {ω, f } consisting of a real plane ω ⊂ G 3 and a real line f ∈ ω on which an elliptic involution ε has been defined. In homogeneous coordinates ω...x 0 = 0, f...x 0 = x 1 = 0, ε : (0 : 0 : x 2 : x 3 ) → (0 : 0 :
while in the nonhomogeneous coordinates, the similarity group H 8 has the form
2)
where a ij and φ are real numbers. For a 12 = a 23 = 1, we have the subgroup B 6 which is the group of Galilean motions:
It is worth noting that [16] In affine coordinates, the Galilean scalar product between two vectors a = (a 1 , a 2 , a 3 ) and b = (b 1 , b 2 , b 3 ) is defined by [15] ( a, b
The Galilean cross product is defined by
, if a 1 = 0 and b 1 = 0.
The unit Galilean sphere is defined by [5] 
Let M : Φ = Φ(u, v) be a surface in Galilean 3-space is given by the parametrization
where x(u, v), y(u, v), z(u, v) ∈ C 3 . The isotropic unit normal vector U of the surface M is defined by 5) or equivalently
where
∂v . Using (2.1) and W = Φ u ∧Φ v , we get the isotropic unit vector δ(u, v) in the tangent plane of the surface as [4] 
by means of Galilean geometry. Observe that a straightforward computation shows that δ can be expressed by
The first fundamental form ds 2 of a surface M in G 3 is given by
The coefficients of the second fundamental form can be determined from
where Φ ij denotes the second order partial differentials of M and the indices i, j belong to the parameters u, v respectively. Under this parametrization of the surface M , the Gaussian curvature K and the mean curvature H have the classical expressions,
3. Inextensible flows of tube-like surfaces associated with focal curves in G 3
The aim of this section, we will obtain the tube-like surface from the tube surface. Since the tube surfaces are special kinds of the canal surfaces in Galilean 3-space.
If we find the canal surface with taking variable radius r(u) as constant, then the tube surface can be found, since the canal surface is a general case of the tube surface. An envelope of a 1-parameter family of surfaces is constructed in the same way that we constructed a 1-parameter family of curves. The family is described by a differentiable function F (x, y, z, λ) = 0, where λ is a parameter. When λ can be eliminated from the equations F (x, y, z, λ) = 0, and ∂F (x, y, z, λ) ∂λ = 0, we get the envelope, which is a surface described implicitly as G(x, y, z) = 0. For example, for a 1-parameter family of planes we get a developable surface [18] .
Definition 3.1. The envelope of a 1-parameter family u → S 2 ± of the spheres in G 3 is called a canal surface in Galilean 3-space. The curve formed by the centers of the Galilean spheres is called center curve of the canal surface.The radius of the canal surface is the function r such that r(u) is the radius of the Galilean sphere S 2 ± . Then, the canal surface can be parametrized as follows
be a unit speed curve whose curvature does not vanish. Consider a tube of radius r around α. Since the normal N and binormal B are perpendicular to α, the Galilean circle is perpendicular α and α(u). As this Galilean circle moves along α, it traces out a surface about α which will be the tube about α, provided r is not too large. If the radius function r(u) = r is a constant, then, the canal surface is called a tube (pipe) surface and it parametrized as
Theorem 3.3. Let α : I → G 3 be a curve in Galilean 3-space. Assume the center curve of a tube-like surface is a unit speed curve α with nonzero curvature. Then, the tube-like surface can be expressed as follows
where T, N and B are the tangent, principal normal and binormal of α.
Proof. Suppose X is a patch that parametrizes the envelope of the Galilean spheres defining tube-like surface. Where the curvature of α(v) is nonzero, the Frenet frame of it is well defined, and we can write
where p, q and w are differentiable on the interval on which α is defined. We have
The equation (3.5) expresses analytically the geometric fact that X(u, v) lies on a Galilean sphere S 2 ± (v) of radius r centrered at α(v). Furthermore, X(u, v) − α(v) is a normal vector to the tube-like surface; this fact implies that
Equations (3.5), (3.6) and (3.7) say that the vectors X u and X v are tangents to S 2 ± (v). Calculating the partial derivative of (3.4) with respect to u and v respectively, we obtain
8) 
where r is a parameter corresponding to the radius of the rotation (In general r can be a function of v). For fixed v, when u runs from 0 to 2π, we have a circle around the point α(v) in the T, N plane. As we change v, this circle moves along the space curve α, and we will generate a tube-like surface along α (a special kind of tube surfaces defined by (3.16)).
Let α : I ⊂ R → G 3 , be an unit speed curve in Galilean space G 3 given by
where v is a Galilean invariant parameter (the arc-length on α). The orthonormal frame in the sense of Galilean space G 3 is defined by 18) where κ(v) = α (v) = (y (v)) 2 + (z (v)) 2 is the curvature and
is the torsion. The vectors T (v), N (v) and B(v) in (3.18) are called of the tangent vector, the principal normal vector and the binormal vector of α(v), respectively. They satisfy the following Frenet equations [13] 19) where the prime denotes the differentiation with respect to v and we denote by κ, τ the curvature and the torsion of the curve α. We can know that T, N, B are mutually orthogonal vector fields satisfying equations
Using the equations (3.16), (3.17) and (3.18), we have
(3.20) From now on, For a unit speed curve α = α(v) : I → G 3 , the curve consisting of the centers of the osculating spheres of α is called the parametrized focal curve of α. The hyperplanes normal to α at a point consist of the set of centers of all spheres tangent to α at that point. Hence the center of the osculating spheres at that point lies in such a normal plane. Therefore, denoting the focal curve by C α , we can write [2] C α (v) = α + c 1 N + c 2 B (v), (3.21) where the coefficients c 1 , c 2 are smooth functions of the parameter of the curve α, called the first and second focal curvatures of α, respectively. Further, the focal curvatures c 1 , c 2 are defined by
Lemma 3.5. Let α : I → G 3 be a unit speed helix and C α its focal curve on G 3 . Then,
On the other hand, the fundamental quantities h ij , L ij and its evolution of tubelike surface (3.16) are obtained, respectively. Thus the Gaussian, mean curvatures and its evolution of such surface are given. For this purpose, let a tube-like surface generated by sweeping a space curve along another central space curve, moving in 3-dimensional Galilean space G 3 , be given at time t by the parametrization This definition states that the surface X(u, v, t) is, for all time t, the isometric image of the original surface X(u, v, t 0 ) defined at some initial time t 0 . For a tube-like surface, X(u, v, t) can be physically pictured as the parametrization of a waving flag. For a given surface that is rigid, there exists no nontrivial inextensible evolution. Proof. Suppose that X(u, v, t) be a tube-like surface. We show that X is inextensible. Proof. Assume that X be a tube-like surface parametrized by (3.24). The vector cross product of X u and X v is given by
Hence, one can get
(3.30) Using equations (3.29) and (3.30), we obtain the isotropic normal vector of tube-like surface as
The second order partial differentials of X are found
(3.32)
From the equations (3.31) and (3.32), one can compute the coefficients of the second fundamental form for the surface (3.24) as the following
(3.33)
Based on the above calculations, the Gaussian curvature K and the mean curvature H of (3.24) are given by, respectively
By the use of (3.22) and above equations the proof is complete. Here, we compute in special case the curvatures of the surface (3.24) as well as the curvatures associated to the focal curve of helix on this surface as follows:
At κ = 1, τ = 1, the surface (3.24) has the following
Making use of the data described above, one can formulate the following theorem:
Theorem 3.10. Let X(u, v, t) be a tube-like surface associated with focal curve of helix in G 3 . If flow of this surface is inextensible then this surface is developable as well as not minimal.
Applications
In this section, we consider an example to illustrate the main results that we have presented in our paper. Example 4.1. Let us consider a surface
, it is easy to see that the Frenet's frame is
Since κ = 1 is the curvature and τ = 1 is the torsion of the curve α. Then, the focal curve of helix takes the form C α = (v, 0, 0). Thus, the surface (4.1) takes the following form Calculating the partial derivative of (4.2) with respect to u and v respectively, we get 
